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  The Floquet state, which is a periodically and intensely light driven quantum state in solids, 
has been attracting attention as a novel state that is coherently controllable on an ultrafast 
time scale1–7. An important issue has been to demonstrate experimentally novel electronic 
properties in the Floquet state. One technique to demonstrate them is the light scattering 
spectroscopy, which offers an important clue to clarifying the symmetries and energy 
structures of the states through symmetry analysis of the polarization selection rules. Here, 
we determine circular and linear polarization selection rules of light scattering in a mid-
infrared-driven Floquet system in monolayer MoS2 and provide a comprehensive 
understanding in terms of the “dynamical symmetry” of the Floquet state. 
  Floquet engineering is a potential concept for coherent control of electronic states under a strong 
light field1,2. The Floquet theoretical approach is useful for describing strong light-matter 
interactions at energy scales beyond which perturbation theory works8. In this nonperturbative 
regime, intense light is predicted to change the symmetry and topology of the states and in turn the 
electronic properties of solids1,2. 
  The Floquet state in solids has been verified through time and angle-resolved photoemission 
spectroscopy (Tr-ARPES)3,5, time-resolved absorption spectroscopy4,6, and time-resolved 
transport measurements7. Its properties, such as nonperturbative electron dynamics during the 
period of the driving laser, can also be explored by using high-order harmonic generation (HHG)13–
15, which is a coherent emission process from a Floquet system9–12. 
  Here, we examine light scattering in a Floquet system by injecting an additional probe pulse. 
Compared with HHG, tuning of the polarization and frequency of the probe light may provide 
more detailed information about the symmetries and electronic structures. This process is nothing 
but high order sideband generation (HSG)16–19. 
  Below, we systematically present polarization selection rules, which is fundamental to probe 
the symmetry of the electronic states, for HSG in monolayer MoS2 under a mid infrared (MIR) 
driving field. In a Floquet system, the electronic properties are described by a unique class of 
symmetries, called “dynamical symmetries” (DSs), which unify the symmetries of the spatio-
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temporal profiles of the laser field and material3,9,11,12,20,21. It has been experimentally confirmed 
that DSs govern the band crossings of surface electrons in a light driven topological insulator3 and 
determines the polarization selection rules for HHG in a circularly polarized light driven crystalline 
solid12 Here, we introduce a new interpretation, i.e., HSG as “Raman scattering” of the MIR-driven 
Floquet state (Fig. 1(a)), and use the DS concept to achieve a full understanding of the polarization 
selection rules. 
  We prepared monolayer MoS2 grown with the CVD method (see Sample Preparation). This 
atomically thin semiconductor is an ideal experimental HSG platform on which to avoid 
propagation effects14,15,22–25. Figure 1 (b) shows a schematic diagram of the HSG measurement 
setup. We used intense MIR pulses (photon energy: ℏω#$% =0.26 eV, pulse duration: 60 fs) to 
create a Floquet state in monolayer MoS2. To achieve a nonperturbative regime without damaging 
the monolayer, we set the photon energy of the pulses to a much lower energy than the bandgap 
energy of the monolayer 15 (1.8 eV). In addition, we injected weak near infrared (NIR) pulses 
nearly resonant with the bandgap energy (photon energy: ℏω'$%=1.55 eV, pulse duration: 110 fs) 
into the MIR-driven system. We controlled the polarizations of the MIR and NIR pulses by using 
liquid crystal retarders and resolved the polarization of the sidebands by using wave plates and 
polarizers. The sideband spectra were detected by a spectrometer equipped with a CCD camera 
(see Methods). Throughout this paper, we denote the zigzag direction of monolayer MoS2 as X 
and armchair direction as Y. 
  We observed HHG spectra at photon energies of 𝑚ℏω#$% (𝑚 : integer) by irradiating the 
monolayer with MIR pulses and observed the HSG spectra at photon energies of ℏω'$% +𝑚ℏω#$% (𝑚: integer) by simultaneously applying NIR pulses. Therefore, we obtained the HSG 
contribution by subtracting the HHG component from the spectra (Supplementary Information 1). 
Figure 2 shows polarization-unresolved HSG spectra under linearly and circularly polarized 
excitation with a MIR-pulse peak intensity of 0.5 TW/cm2 and NIR-pulse peak intensity of 0.5 
GW/cm2. Here, sidebands up to seventh order appear under linearly polarized excitations. In 
contrast, sidebands only up to third order appear under circularly polarized excitation. This 
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difference may arise from the different resultant kinetic energies that coherent electron-hole pairs 
obtain from linearly and circularly polarized laser fields17,19. 
  Nonperturbative aspects induced by MIR light appear in both the spectral shape and excitation 
power dependence. One such aspect is the non-exponential decay with increasing order in the 
spectra. The excitation power dependence is shown in Fig. S2. Moreover, the MIR power 
dependence deviates from the power-law derived from perturbation theory under both linearly and 
circularly polarized excitations (Fig. S2 a,b). On the other hand, the intensity of the sideband is 
proportional to the NIR probe power (Fig. S2 c,d). This indicates the NIR pulses can be treated as 
a perturbation. 
  The observed selection rules are shown in Fig. 3. Figures a-d shows circular (𝜎+ , 𝜎, ) 
polarization-resolved sideband spectra obtained from different combinations of 𝜎+ - and 𝜎, -
polarized excitations. The polarization of the sideband depends on the order and the polarization 
of the excitation pulses. Since we obtained the same result from monolayer MoSe2, which has the 
same crystal structure, the selection rules are determined only by the symmetry of the crystal and 
polarization of the light (Fig. S3). 
  Furthermore, we systematically examined the linear polarization selection rules. Figure 3 e-h 
shows linear polarization-resolved sideband spectra obtained from different combinations of X 
and Y-polarized excitations. In particular, when MIR driving pulses are X-polarized (Fig. 3 e, f), 
odd-order sidebands are emitted with a perpendicular polarization to that of NIR pulses and even-
order sidebands are emitted with a parallel polarization. On the other hand, when the MIR driving 
pulses are Y-polarized (Fig. 3 g, h), the polarization of the sideband is parallel to that of NIR pulses 
for all orders. 
  To explain these selection rules, we propose a simple scheme for symmetry analysis of HSG 
using the “Raman tensor” and DSs. In the previous report, HSG selection rules were explained in 
terms of the symmetry of microscopic intraband dynamics of electron hole pairs in momentum 
space19. However, it is difficult to extend this microscopic explanation to the circular polarization 
case or to polarization selection rules in other materials.  
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  Below, we show that DS gives us a general tool for symmetry analysis of HSG. To justify the 
“Raman-scattering” description, we consider a microscopic model of HSG. We start with a general 
Hamiltonian of an electron interacting with an electric field in a solid. We apply the Floquet 
theorem by assuming periodicity of the MIR driving field and perturbation theory for the weak 
NIR pulses (Supplementary Information 2)8. We calculated the polarization current in the MIR-
driven Floquet system perturbed by additional NIR pulses, which emits sideband light as follows: 
𝐽./,1(𝑡) = − 𝑖ℏ7 7 8 𝑑𝑡:𝑒,<=>?@A,ABCA,∞DEF<EG 〈𝑖I(𝑟, 𝑡)K𝐽LMK𝑒I(𝑟, 𝑡)〉	
   × 〈𝑒I(𝑟, 𝑡:)K𝐽LGK𝑖I(𝑟, 𝑡:)〉 ⋅ 𝛿𝐴TUV,G(𝑡:) + 𝑐. 𝑐..        (1) 
Here, 𝐽LM = 𝜕𝐻\](𝑟, 𝑡)/𝜕𝐴M(𝑡)  is the current operator in the velocity gauge, 𝐻\](𝑟, 𝑡)  is the 
Hamiltonian of the system of a crystalline solid and external MIR laser field, |𝑖I⟩ and |𝑒I⟩ are 
initial and intermediate Floquet eigenstates, ℏ𝜔<D = ℏ𝜔< − ℏ𝜔D is the difference in quasienergy 
between each Floquet eigenstate and 𝛿𝑨TUV,c is the vector potential of the additional NIR pulses 
(see Supplementary Information 2). Equation (1) justifies the “Raman scattering” process 
description depicted in Fig. 1(a). A NIR photon coherently excites an electron from the initial to 
an intermediate Floquet state, and the electron simultaneously relaxes back to the initial state by 
emitting a sideband photon. In this interpretation, the high-order sideband corresponds to “multi-
photon anti-Stokes Raman scattering”. The second rank tensor 〈𝑖I(𝑟, 𝑡)K𝐽LMK𝑒I(𝑟, 𝑡)〉 ×〈𝑒I(𝑟, 𝑡:)K𝐽L𝛎K𝑖I(𝑟, 𝑡:)〉 corresponds to the response function of the Floquet system, which gives 
the relation between 𝑱./(𝑡) and 𝛿𝑨TUV(𝑡). 
  This relation is restricted by the DS of the MIR-driven Floquet system. One way to describe this 
restriction is to consider a second rank tensor 𝑱./(𝑡)𝛿𝑨TUVf (𝑡). One can derive the invariance of 
this tensor under the DS operation when 𝛿𝑨TUV(𝑡)	 is an “eigenvector” of the DS operation 
(Supplementary Information 3). 𝑱./(𝑡) and 𝛿𝑨TUV(𝑡) are directly related to the electric fields of 
the 𝑚 -th order sideband 𝑬./,h(𝑡)  and the NIR light 𝑬TUV(𝑡) . Therefore, the symmetry 
restriction can be written in terms of a “Raman tensor” as follows: 
   ℛh(𝑡) =  𝑬./,h(𝑡)𝑬TUVf (𝑡)	
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= k𝐸./,h,m(𝑡)𝐸TUV,m∗ (𝑡) 𝐸./,h,m(𝑡)𝐸TUV,o∗ (𝑡)𝐸./,h,o(𝑡)𝐸TUV,m∗ (𝑡) 𝐸./,h,o(𝑡)𝐸TUV,o∗ (𝑡)p , (2) 
where𝐸./,h,m	and	𝐸TUV,m	@𝐸./,h,o	and	𝐸TUV,oC denote the X (Y) component of the electric fields 
of the	𝑚-th order sideband and NIR light, respectively. Here, the direction of the electric field is 
reduced to being in a two-dimensional space parallel to the monolayer sample in our experimental 
setup. The “Raman tensor” satisfies the DS of the Floquet system: 𝑋vℛh(𝑡) = ℛh(𝑡), (3) 
where 𝑋v is a DS operation. Equation (3) determines the polarization selection rules of HSG. This 
is similar to the conventional Raman scattering in crystalline solids, where the tensor has the 
symmetry of the solid and determines the selection rules.  
  The DS operation of the Floquet system is determined by the symmetry of the monolayer MoS2 
and the MIR driving field. Thus, the DS of the system under circularly polarized MIR light is 
different from that under linearly polarized MIR light. Under circularly polarized light, the DS 
operator that determines the selection rule is 𝐶Ly,z{ = τ},yz~ ⋅ 𝑅vy, (4) 
where σ = ±1 is the polarization of the MIR driving pulses, τ} is a temporal translation by 𝑇/𝑛 (𝑇 : the period of the MIR light field) and 𝑅vy is a spatial rotation by 2π/3. The angle of 2π/3 reflects the three-fold rotational symmetry of the crystal (Supplementary Information 4). 
From equation (3) and (4), the circular polarization selection rule of the 𝑚-th order sideband is 
derived as 𝑚σUV + σTUV − σ.h = 3𝑁, (5) 
where σTUV, σ.h = ±1 denotes the polarization of the NIR and 𝑚-th order sideband, respectively, 
and 𝑁  is an integer (Supplementary Information 5). Equation ( 5 ) is consistent with all 
experimental results in Fig. 3 a-d.  
  Equation (5) represents the angular momentum conservation rule of light modified in crystalline 
solids20,26,27. The σ+ (σ,)-polarized light can be considered to have spin +ℏ (−ℏ). The left-hand 
side of equation (5) shows the difference between the total spin of the incident photons and the 
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spin of the emitted 𝑚-th order sideband photon. Although the right-hand side should be zero in 
isotropic media, 3𝑁ℏ is allowed in monolayer MoS2, which has three-fold rotational symmetry, 
due to the rotational analogue of the umklapp process.  
  The linear polarization selection rule can be derived similarly. The DS of the Floquet system 
depends on whether the polarization of the MIR pulses is in the X or Y direction, reflecting the 
mirror symmetry with respect to the Y direction of monolayer MoS2. The following DS operations 
determine the selection rules, respectively: 𝑍Lo = τ} ⋅ σ (6) σ, (7) 
where σ  means reflection with respect to the Y direction. Because of the temporal term in 
equation (6), the polarizations of the odd- and even-order sidebands are perpendicular to each other 
in the X-polarized case. On the other hand, all sidebands have the same polarization in the Y-
polarized case (Supplementary Information 4,5). This is consistent with the experimental results 
in Fig. 3 e-h. Table 1 summarizes the polarization selection rules in each configuration. 
  Odd-order sidebands in monolayer WSe2 with Y-polarized MIR pulses were not observed in the 
previous report, although they were observed in our experiment19. This fact does not contradict 
our selection rules. This difference may be attributed to the resonant condition between the NIR 
light and the ladder-like energy levels in the MIR-driven Floquet state. 
  In conclusion, we have systematically determined the circular and linear polarization selection 
rules of HSG in monolayer MoS2. By combining the concepts of Floquet and perturbation theory, 
we devised a new description of HSG as a “Raman scattering” in the MIR-driven Floquet state 
and revealed that the selection rules of HSG can be comprehensively understood in terms of DS. 
DS has the potential to describe topological phases and classify Floquet systems such as Floquet 
topological insulators2,21. Thus, our results pave the way for experimental studies of electronic 
structures and their topological properties of Floquet systems through light-scattering experiments 
and DS analyses. 
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Methods 
Sample preparation 
Monolayer MoS2 and MoSe2 were grown on sapphire substrates by chemical vapor deposition. 
The monolayer flake size of MoS2 was typically one hundred micrometers and MoSe2 was 
typically tens of micrometers. The MoS2 monolayers were prepared by using the method reported 
in ref. 28. The monolayer MoSe2 was purchased from 2d Semiconductors, Inc. 
 
Experiments 
The experimental setup for the HSG measurements is shown in Fig. S1. Ultrafast laser pulses 
(photon energy 1.55 eV, 35 fs pulse duration, 1 kHz repetition rate, 7 mJ pulse energy) were 
derived from a Ti:sapphire based regenerative amplifier. Some of the total pulse energy (1 mJ) 
was used to generate signal and idler beams by an optical parametric amplifier (OPA, TOPAS-C, 
Light Conversion). The MIR pulses (photon energy 0.26 eV) were obtained by difference 
frequency generation (DFG) of the signal and idler beams in a AgGaS2 crystal. After the DFG, the 
signal and idler beams were blocked by a longpass filter (LPF) with a cutoff wavelength of 4 µm. 
Another part of the ultrafast laser pulses was passed through a band pass filter (BPF) centered at 
800 nm (band width 10 nm) and used as the NIR probe pulses. The polarizations of the NIR and 
MIR pulses were controlled by a wire grid polarizer (WGP), a Glan laser polarizer (GLP), and 
liquid crystal variable retarders (LCR). The MIR pulses were focused by a ZnSe lens to a spot 60 µm in diameter (full width at half maximum). The NIR pulses were passed through a fused-silica 
lens and reflected by a D-shaped mirror placed below the MIR beam. The NIR pulses were focused 
onto the sample almost coaxially with the MIR beams (approximately 4 degrees between the two 
beams). The pulse durations of NIR and MIR pulses were estimated to be 110 fs and 60 fs (full 
width half maximum (FWHM)), respectively, as noted in Supplementary Information 6. The 
generated harmonics and sidebands were collected by fused-silica lens and their spectra were 
analyzed by a grating spectrometer (iHR320, Horiba) equipped with a Peltier-cooled Si charge-
coupled device camera (Syncerity CCD, Horiba). The NIR light was blocked by 750 nm and 550 
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nm short pass filter (SPF) in front of the spectrometer. The polarization of the sidebands was 
resolved by a quarter wave plate and a wire grid polarizer. The obtained spectra were corrected for 
the total efficiency including mirrors, a spectrometer and a CCD camera. All the experiments were 
performed in the air at room temperature. 
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Figure 1| Light scattering process in Floquet state.  
a Energy level diagram of light scattering process in MIR-driven Floquet state. The energies of 
the incident NIR photon and scattered m-th order sideband photon are written as ℏωT$%	and	ℏωT$% + 𝑚ℏω$%, respectively. The vertical arrows represent electronic transitions 
between the initial Floquet state |𝑖I⟩ and intermediate Floquet state	|𝑒I⟩. Ladder-like levels with 
spacing of the MIR photon energy (ℏω#$%) denote the quasienergy levels of the Floquet states. b 
Schematic of HSG setup. (LCR: liquid crystal retarder, QWP: quarter wave plate, WGP: wire grid 
polarizer). The definition of the polarization is shown at the bottom right. The X and Y directions 
correspond to the zigzag and armchair directions of monolayer MoS2 
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Figure 2| HSG spectra from monolayer MoS2. 
Polarization-unresolved HSG spectra measured under linearly polarized (green, X-polarized NIR 
and MIR pulses) and circularly polarized excitation (red, σ+-polarized NIR and MIR pulses). The 
intensity of the green spectrum is multiplied by 100 for clarity. The black arrow shows the photon 
energy of the NIR pulses.  
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Figure 3| Circular and linear polarization-resolved HSG spectra from monolayer MoS2.  
a-d Circular polarization-resolved HSG spectra. Red and blue shaded areas indicate 𝜎+- and 𝜎,-
polarized spectra, respectively. The sidebands are generated by a 𝜎+-polarized NIR and 𝜎+-
polarized MIR pulses (𝜎+, 𝜎+), b (𝜎+, 𝜎,), c (𝜎,, 𝜎+), d (𝜎,, 𝜎,). e-h Linear polarization-
resolved HSG spectra. Green and yellow areas indicate X- and Y-polarized spectra, respectively. 
The sidebands are generated by e (X, X), f (X, Y), g (Y, X), h (Y, Y). Each order of the sideband 
is scaled with the indicated number. 
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Table 1| Polarization selection rule of HSG in monolayer MoS2.  
Allowed polarizations of the sideband are presented for each combination of NIR and MIR 
polarization. "-" indicates the forbidden sideband order. 
  
NIR X Y X Y
MIR X X Y Y
Odd Y X X Y
Even X Y X Y
NIR !" !" !# !#
MIR !" !# !" !#
1st !# − − !"
2nd − !# !" −
3rd !" !" !# !#
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1. Extraction of HSG spectra 
Figure S1 a shows total spectra of HSG and HHG (green) and HHG spectra (black) under linearly 
polarized excitation pulses observed from monolayer MoS2. The HHG spectra were obtained in 
the condition that NIR pulses were 10s delayed from the MIR pulses. In our experiment, NIR 
photon energy is about 6 times larger than the MIR photon energy. Thus, we observed seventh 
order harmonics at the frequency close to that of the first order sideband. We obtained HSG spectra 
clearly by subtracting HHG spectra as explained in the main text. Figure S1 b shows the spectra 
under circularly polarized excitation pulses with the same excitation power. In this case, we did 
not observe HHG. This result is consistent with the previous paper1. 
 
 
Figure S1. Extraction of HSG spectra. a Total spectra of HSG and HHG (color) 
and HHG spectra (black) under linear polarization excitation. b Same as a under 
circular polarization excitation. 
 
a b
     

10
0
10
1
10
2
10
3
10
4
10
5
10
6
In
te
ns
ity
 (a
rb
. u
ni
ts
)
3.02.52.01.5
Photon Energy (eV)
NIR σ+ MIR σ+ 
NIR

	

	


	
      	 


10
0
10
1
10
2
10
3
10
4
10
5
10
6
In
te
ns
ity
 (a
rb
. u
ni
ts
)
3.02.52.01.5
Photon Energy (eV)
Monolayer MoS2
NIR
NIR X MIR X



 17 
 
 
Figure S2. Excitation power dependence of HSG in monolayer MoS2. a,b MIR 
power dependence of HSG under linear and circularly polarized light. c,d NIR power 
dependence of HSG under linearly and circularly polarized light. The power shown 
in the bottom axis is the peak power of the incident pulse at the focal point in vacuum. 
The solid lines are eye guides that show the power law. 
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2. Microscopic description of HSG using Floquet theorem 
In this section, we explain detailed descriptions of the microscopic model of HSG. We start with 
a single electron Hamiltonian with mass 𝑚D in a crystalline solid interacting with a MIR electric 
field given by,	 𝐻\0(𝒓, 𝑡) = 12𝑚𝑒 @𝒑 − 𝑒𝑨(𝑡)C2 + 𝑈(𝒓), (8) 
where 𝑒 is the electron charge, 𝑨(𝑡) is the vector potential of the external MIR field and 𝑈(𝒓}) 
is periodic potential in the crystalline solid. Here the spatial distribution of 𝑨(𝑡) is neglected by 
applying long wavelength approximation. Let us consider the additional weak NIR electric field, 
which perturbs the above system. The total Hamiltonian is given by 
 𝐻\(𝒓, 𝑡) = 12𝑚𝑒 @𝒑 − 𝑒𝑨(𝑡) − 𝑒𝛿𝑨𝑁𝐼𝑅(𝑡)C2 + 𝑈(𝒓), (9) 
where 𝛿𝑨TUV(𝑡) is the vector potential of the weak NIR field. By using Coulomb gauge ∇ ⋅𝛿𝑨TUV = 0 and neglecting the second order of 𝛿𝑨TUV(𝑡), The total Hamiltonian is given by 𝐻\(𝒓, 𝑡) = [ 12𝑚D @𝒑 − 𝑒𝑨(𝑡)C + 𝑈(𝒓) + 𝑒𝑚D 𝛿𝑨TUV(𝑡) ⋅ @𝑖ℏ∇ + 𝑒𝑨(𝑡)C] = 𝐻\0(𝒓, 𝑡) + 𝛿𝑨𝑁𝐼𝑅(𝑡) ⋅ 𝑱v, (10) 
where 𝑱v = − 𝑒𝑚𝑒 @𝒑 − 𝑒𝑨(𝑡)C = 𝑒𝑚𝑒 @𝑖ℏ∇ + 𝑒𝑨(𝑡)C = 𝜕𝐻\0(𝒓, 𝑡)𝜕𝑨(𝑡) (11) 
Figure S3. Circular polarization-resolved HSG spectra from monolayer MoSe2  
   

	


0
1
2
NIR σ
+
 MIR σ
+ 
In
te
ns
ity
 (a
rb
. u
ni
ts
)
NIR
0
1
2
2.42.22.01.81.6
Photon Energy (eV)
NIR σ
+
 MIR σ
- 
NIR
2.42.22.01.81.6
Photon Energy (eV)
NIR σ
-
 MIR σ
- 
NIR
   

	


NIR σ
-
 MIR σ
+ 
NIR
σ+
σ-
×50
×1000
×50
×1000
×50
×1000
×50 ×1000
a c
d
Monolayer MoSe2
b
 19 
is defined as the current operator in the velocity gauge. We regard δ𝐻 = δ𝐴TUV(𝑡) ⋅ 𝐽L as the 
perturbation Hamiltonian.  
  First, we consider MIR-driven system 𝐻\](𝒓, 𝑡). In our experimental condition, the MIR pulses 
are intense, coherent laser pulses and have several cycles within their pulse durations. Thus, to 
simplify the description of HSG, we assume the time periodicity of the MIR field and apply the 
Floquet theorem2. Note that the Floquet concept is valid in both perturbative and nonperturbative 
regime. With this assumption, the Hamiltonian 𝐻\](𝒓, 𝑡:) satisfies the periodicity of the MIR field  𝐻\0(𝒓, 𝑡) = 𝐻\0(𝒓, 𝑡 + 2𝜋/𝜔𝑀𝐼𝑅) (12) 
with angular frequency of the MIR light 𝜔UV. Schrödinger equation under this Hamiltonian is 
given by k𝐻\0(𝒓, 𝑡) − 𝑖ℏ 𝜕𝜕𝑡p |𝛹(𝑡)⟩ = 0 (13) 
where |𝛹(𝑡)⟩ is a wave function. By substituting this wavefunction with |𝛹𝛼(𝑡)⟩ = exp(−𝑖𝜖𝛼𝑡/ℏ) |𝛷𝛼(𝑡)⟩, (14) 
eq. (13) can be written as an eigenvalue problem:  𝐻\𝐹|𝛷𝛼(𝑡)⟩ = 𝜖𝛼|𝛷𝛼(𝑡)⟩, (15) 
where 𝐻\𝐹 = 𝐻\0(𝒓, 𝑡) − 𝑖ℏ 𝜕𝜕𝑡 (16) 
is the Floquet Hamiltonian, and  |𝛷𝛼(𝑡)⟩ = |𝛷𝛼(𝑡 + 2𝜋/𝜔𝑀𝐼𝑅)⟩. (17) 
is a Floquet eigenstate. Since 𝐻\I is a Hermitian operator, the eigenvalue 𝜖¦ in eq. (15) is a real 
number, which is defined as quasienergy. We assume that the electronic system is in a Floquet 
eigenstate |𝑖I(𝒓, 𝑡)⟩ at 𝑡 = −∞. 
  Next we consider the temporal evolution of the total system perturbed by the NIR field. 
Schrödinger equation under the Hamiltonian 𝐻(𝑡) is given by 𝑖ℏ 𝜕𝜕𝑡 |𝛹(𝒓, 𝑡)⟩ = §𝐻\0@𝒓, 𝑡′C + 𝛿𝐻\(𝒓, 𝑡)© |𝛹(𝒓, 𝑡)⟩ (18) 
We assume the following ansatz for the wave function: |𝛹(𝒓, 𝑡)⟩ = 𝑒−𝑖𝜖𝑖𝐹ℏ 𝑡|𝑖𝐹(𝒓, 𝑡)⟩ + 7 𝐶𝑒𝐹(𝑡)𝑒−𝑖𝜖𝑒𝐹ℏ 𝑡|𝑒𝐹(𝒓, 𝑡)⟩𝑒𝐹≠𝑖𝐹 (19) 
where |𝑒I(𝒓, 𝑡)⟩ denotes other Floquet eigenstates than |𝑖I(𝒓, 𝑡)⟩. Here, the coefficient 𝐶DE(𝑡) 
is small because the NIR light is weak. By considering the first order perturbation, we obtain  𝐶𝑒𝐹(𝑡) = − 𝑖ℏ8 𝑑𝑡′𝑒𝑖𝜔𝑒𝑖𝑡′𝑡−∞ ¬𝑒𝐹@𝒓, 𝑡′CK 𝜕𝐻\0@𝒓, 𝑡′C𝜕𝑨@𝑡′C K𝑖𝐹@𝒓, 𝑡′C­δ𝑨𝑁𝐼𝑅@𝑡′C (20) 
with ℏ𝜔D< = 𝜖DE − 𝜖<E. 
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 We calculate HSG by considering current induced in the perturbed state |𝛹(𝒓, 𝑡)⟩ . The 
expectation value of the current is given by 𝑱(𝑡) = ¬𝛹(𝒓, 𝑡)|𝑱v|𝛹(𝒓, 𝑡)­ ≃ ¬𝑖𝐹(𝒓, 𝑡)|𝑱|\𝑖𝐹(𝒓, 𝑡)­ + 7 @𝐶𝑒𝐹(𝑡)𝑒−𝑖𝜔𝑒𝑖𝑡¬𝑖𝐹(𝒓, 𝑡)K𝑱vK𝑒𝐹(𝒓, 𝑡)­ + 𝑐. 𝑐. C𝑒𝐹≠𝑖𝐹 , (21) 
where the second order term of 𝐶DE(𝑡) is neglected. The first term, which is independent of the 
NIR light field, contributes to HHG as discussed in ref. 3. HSG is induced by the second term 
(𝑱𝑺𝑮(𝑡)) that is proportional to the NIR light field. By substituting eq. (20 ) into eq. (21 ), 
polarization current 𝑱./(𝑡) is given by 𝐽𝑆𝐺,𝜇(𝑡) = − 𝑖ℏ7 7 8 𝑑𝑡′𝑒−𝑖𝜔𝑒𝑖§𝑡−𝑡′©𝑡−∞𝑒𝐹≠𝑖𝐹𝜈 𝜒𝜇,𝜈𝑒𝐹 @𝑡, 𝑡′C𝛿𝐴𝑁𝐼𝑅,𝜈@𝑡′C + 𝑐. 𝑐. (22) 
with 𝜒𝜇,𝜈𝑒𝐹 @𝑡, 𝑡′C = ¶𝑖𝐹(𝒓, 𝑡) ·𝜕𝐻\0(𝒓, 𝑡)𝜕𝐴𝜇(𝑡) · 𝑒𝐹(𝒓, 𝑡)¸ ¶𝑒𝐹@𝒓, 𝑡′C ¹𝜕𝐻\0@𝒓, 𝑡′C𝜕𝐴𝜈@𝑡′C ¹ 𝑖𝐹@𝒓, 𝑡′C¸ . (23) 
The tensor 𝜒M,ºDE (𝑡, 𝑡:) satisfies the following temporal periodicity: 𝜒𝜇,𝜈𝑒𝐹 @𝑡, 𝑡′C = 𝜒𝜇,𝜈𝑒𝐹 @𝑡 + 2π𝑙/𝜔𝑀𝐼𝑅, 𝑡′ + 2π𝑙′/𝜔𝑀𝐼𝑅C, (24) 
where 𝑙, 𝑙′ are integers. Thus, 𝜒M,ºDE (𝑡, 𝑡:) can be expanded in a Fourier series as follows: 𝜒𝜇,𝜈𝑒𝐹 @𝑡, 𝑡′C =7𝑎𝜇,𝜈,l,l′𝑒𝐹𝑙,𝑙′ 𝑒𝑖𝑙𝜔𝑀𝐼𝑅𝑡𝑒−𝑖𝑙′𝜔𝑀𝐼𝑅𝑡′. (25) 
When the NIR light is a continuous wave, the Fourier component of 𝑱./(𝑡)  can be written 
explicitly. We write the NIR light as 𝛿𝐴TUV,º(𝑡:) = 𝛿𝐴],º𝑒,<¾¿ÀÁA: by applying the rotating wave 
approximation. To simplify the discussion, we only consider the first term of eq.(22) because the 
complex conjugate term just gives the time-reversal pair of the current. We consider the damping Γ and obtain 𝐽./,M(ω) = − 𝑖ℏ7 7 𝑎M,º,Ã,ÃBDE 𝛿𝐴],º 8 𝑑𝑡Ä,Ä 8 𝑑𝑡:A,ÄDEF<Eº,Ã,ÃB 𝑒,(<¾?>+Å)@A,ABC 
    × 𝑒<Æ¾{ÀÁA𝑒,<ÆB¾{ÀÁAB𝑒,<¾¿ÀÁAB𝑒<=A.       (26) 
By calculating the integral with respect to 𝑡’ and taking the limit of Γ → +0, we get 
𝐽./,M(ω) = − 𝑖ℏ7 7 𝑎M,º,Æ,ÆBDE 𝛿𝐴],º 8 𝑑𝑡Ä,ÄDEF<E 𝑒<@Æ,Æ
BC¾{ÀÁ,¾¿ÀÁ+=)A−𝑙:𝜔UV − 𝜔TUV + 𝜔D< − 𝑖0º,Æ,ÆB 	= −2𝜋𝑖ℏ 7 7 𝑎M,º,Æ,ÆBDE 𝛿𝐴],ºDEF<E 1−𝑙:𝜔UV − 𝜔TUV + 𝜔D< − 𝑖0º,Æ,ÆB  
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  × 𝛿((𝑙 − 𝑙:)𝜔UV − 𝜔TUV + ω))           (27)	
Hence, the current 𝑱./(𝑡) is the sum of the 𝑚-th order frequency component written as 𝐽./,M(𝑡) =7𝐽./,h,M(𝑡)h 	= − 𝑖ℏ77 7 𝑎M,º,Æ,Æ′DE 𝛿𝐴],ºDEF<E 1−(𝑚 + 𝑙)𝜔UV − 𝜔TUV + 𝜔D< − 𝑖0º,Æh 𝑒,<(¾¿ÀÁ+h¾{ÀÁ)A. (28) 
The current 𝑱./(𝑡) emits the sideband light according to Maxwell equation. If we consider a 
simple case where current uniformly in xy plane at z = 0, the electric field induced by the current 
is given by 𝑬./,h(𝑧, 𝑡) = µ]𝑐𝑱./,h §𝑡 − 𝑧𝑐© (29) 
where µ] is magnetic permeability in a vacuum and c is the speed of light. 
 
3. Derivation of symmetry constraint on “Raman tensor” 
In this section, we derive the symmetry constraint on “Raman tensor” discussed in the main text. 
 
Definition of dynamical symmetry 
Here, we show the definition of the DS operation used in this paper. We basically follow the 
definition and the notation of DS operations in ref. 4. Accordingly, time-reversal operation is 
included in our discussion of DS. We regard a "static" symmetry operation as one of the DS 
operations5. Note that we distinguish the following two different definitions of the DS operations. 
 
1. Operations for the vector component and temporal part of the electric fields (denoted as 𝑋v) 
2. Corresponding unitary and anti-unitary operations in quantum mechanics for the position of 
the electron and time (𝒓, 𝑡) (denoted as 𝑋vË) 
 
Symmetry constraint on microscopic model 
 We derive the DS constraint on the microscopic model introduced in the section 2. We show only 
the example for the DS operations that are accompanied by the temporal translation. Note that the 
microscopic model is also restricted by the DS operations accompanied by the time-reversal 
operation. 
 In the following, to simplify the discussion, we only consider the first term of eq.(22). We 
consider the DS operation 𝑋vA = 𝑋vÌ ⋅ ?̂?A for the MIR driven system, where 𝑋vÌ is an operation for 
the spatial component of the vectors and ?̂?A is a time-translation operation for the time 𝑡 by ∆t. 
By applying this operation for the current 𝑱./(𝑡) in eq. (22), we obtain 
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𝑋vA𝑱./(𝑡) = − 𝑖ℏ 7 𝑋vADEF<E 8 𝑑𝑡:𝑒,<¾?>@A,ABCA,Ä 𝜒DE(𝑡, 𝑡:)𝛿𝑨TUV(𝑡:) 
= − 𝑖ℏ 7 8 𝑑𝑡:𝑒,<¾?>@A+∆Ñ,ABCA+∆Ñ,ÄDEF<E 𝑋vÌ𝜒DE(𝑡 + ∆t, 𝑡:)𝑋vÌ,Ò𝑋vÌ𝛿𝑨TUV(𝑡:) 
= − 𝑖ℏ 7 8 𝑑𝑡::𝑒,<¾?>@A,ABBCA,ÄDEF<E 𝑋vÌ𝜒DE(𝑡 + ∆t, 𝑡:: + ∆t)𝑋vÌ,Ò𝑋vÌ𝛿𝑨TUV(𝑡:: + ∆t) 
= − 𝑖ℏ 7 8 𝑑𝑡::𝑒,<¾?>@A,ABBCA,ÄDEF<E 𝑋vA𝜒DE(𝑡, 𝑡::)@𝑋vA::C,Ò𝑋vA::𝛿𝑨TUV(𝑡::), (30) 
where 𝑋vA:: operates on time 𝑡′′.  
  In the following, we demonstrate the equation 𝑋\𝑡𝜒𝑒𝐹@𝑡, 𝑡′′C §𝑋\𝑡′′©−1 = 𝜒𝑒𝐹@𝑡, 𝑡′′C. (31) 
For preparation, we discuss the symmetry of the Hamiltonian and wave functions. When 𝑋vA is a 
DS operator of the MIR driven system, the corresponding operator commutes with the Hamiltonian 
(eq. (8)) as following : 𝑋\𝑞𝑡𝐻\0(𝒓, 𝑡)＝𝐻\0(𝒓, 𝑡)𝑋\𝑞𝑡 . (32) 
The same should hold for the Floquet Hamiltonian 𝑋\𝑞𝑡𝐻\𝐹(𝒓, 𝑡)＝𝐻\𝐹(𝒓, 𝑡)𝑋\𝑞𝑡 . (33) 
We consider the simplest case where the eigenstates of 𝐻\I(𝒓, 𝑡) are nondegenerate. In this case, 
the eigenstates are simultaneous eigenstates of 𝐻\I(𝒓, 𝑡) and 𝑋vA. Hence, for eigenstate |𝛷I(𝒓, 𝑡)⟩ 
of 𝐻\I(𝒓, 𝑡), 𝑋\𝑞𝑡 |𝛷𝐹(𝒓, 𝑡)⟩＝𝑒𝑖𝛿|𝛷𝐹(𝒓, 𝑡)⟩ (34) 
holds, where the phase 𝛿 is a real number. As a result, we get 
 𝑋vA Ô𝑖I(𝒓, 𝑡) ÕÖ×\Ø(𝒓,A)Ö𝑨(A) Õ 𝑒I(𝒓, 𝑡)Ù ≡ Ô𝑖I(𝒓, 𝑡) Õ@𝑋vËACf Ö×\Ø(𝒓,A)Ö𝑨(A) 𝑋vËAÕ 𝑒I(𝒓, 𝑡)Ù	
 = Ô𝑖I(𝒓, 𝑡) ÕÖ ×\Ø(𝒓,A)Ö 𝑨(A) Õ 𝑒I(𝒓, 𝑡)Ù 𝑒<(Û>,Û?),          (35) 
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where 𝛿<	𝑎𝑛𝑑	𝛿D  are the phases in eq ( 34 ) corresponding to |𝑖I⟩  and |𝑒I⟩  respectively. 
Through the same discussion for 𝑋vA::, eq. (31) can be demonstrated. 
  By combining eq. (31) with eq. (30), we obtain 𝑋\𝑡𝑱𝑆𝐺(𝑡) = − 𝑖ℏ 7 8 𝑑𝑡′′𝑒−𝑖ω𝑒𝑖§𝑡−𝑡′′©𝑡−∞𝑒𝐹≠𝑖𝐹 𝜒𝑒𝐹@𝑡, 𝑡′′C𝑋\𝑡′′𝛿𝑨𝑁𝐼𝑅@𝑡′′C + 𝑐. 𝑐. . (36) 
This equation gives a relation between the polarization of the NIR and the sideband. Note that this 
discussion is valid even in the case that the eigenstates are degenerate through the same discussion 
of the degeneracy in ref 4. 
 
Derivation of symmetry constraint on “Raman tensor” 
  The relation in eq. (36) can be transformed into a simpler form as the invariance of “Raman 
tensor” under DS operation. When the NIR light is a continuous wave, any vector potential 𝛿𝑨TUV(𝑡::) can be written as a linear combination of “eigenvectors” of DS operator, which are 
summarized in Table S1. For example, if 𝐶Ly,Ü{, which is shown in the main text, is a DS operator 
of the system, 𝛿𝑨TUV(𝑡) = 𝛿𝐴TUV(1, −𝑖)Ý𝑒<¾¿ÀÁA is an eigenvector satisfying 𝐶\3,𝜎𝑀 k 1−𝑖p 𝑒𝑖𝜔𝑁𝐼𝑅𝑡 = 𝑒𝑖2𝜋3 𝑒−𝑖2𝜋𝜔𝑁𝐼𝑅3𝜔𝑀𝐼𝑅 𝜎𝑀 k 1−𝑖p𝑒𝑖𝜔𝑁𝐼𝑅𝑡, (37) 
where 𝜔TUV is angular frequency of the NIR light. When 𝛿𝑨TUV(𝑡)	satisfies 𝑋vA𝛿𝑨TUV(𝑡)＝𝑒<Þ𝛿𝑨TUV(𝑡), 
the tensor product of 𝑋vA𝑱./(𝑡) and 𝑋vA𝛿𝑨TUV(𝑡) is given by 𝑋vA𝑱./(𝑡) §𝑋vA𝑨TUV(𝑡)©f	
= − 𝑖ℏ 7 8 𝑑𝑡::𝑒,<¾?>@A,ABBCA,ÄDEF<E 𝜒DE(𝑡, 𝑡:)𝑋vABB𝛿𝑨TUV(𝑡::) §𝑋vA𝑨TUV(𝑡)©f	
= − 𝑖ℏ 7 8 𝑑𝑡::𝑒,<¾?>@A,ABBCA,ÄDEF<E 𝜒DE(𝑡, 𝑡:)𝛿𝑨TUV(𝑡::)𝑒<Þ𝛿𝑨TUVf (𝑡)𝑒,<Þ	
= − 𝑖ℏ 7 8 𝑑𝑡::𝑒,<¾?>@A,ABBCA,ÄDEF<E 𝜒DE(𝑡, 𝑡:)𝛿𝑨TUV(𝑡::)𝛿𝑨TUVf (𝑡)	= 𝑱./(𝑡)𝛿𝑨TUVf (𝑡).   (38) 
According to eq.(28), the symmetry constraint can be reduced into  𝑋\𝑡𝑱𝑆𝐺,𝑚(𝑡) ß𝑋\𝑡𝛿𝑨𝑵𝑰𝑹(𝑡)ã† = 𝑱𝑆𝐺,𝑚(𝑡)𝛿𝑨𝑁𝐼𝑅† (𝑡) (39) 
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by comparing the 𝑚-th order frequency component of both sides in eq. (39). When the electric 
field of the sideband is given by eq. (28), by considering 𝑬TUV(𝑡)＝− Ö(Û𝑨¿ÀÁ(A))ÖA , we get 𝑋\𝑡𝑬𝑆𝐺,𝑚(𝑡) ß𝑋\𝑡𝑬𝑁𝐼𝑅(𝑡)ã† = 𝑬𝑆𝐺,𝑚(𝑡)𝑬𝑁𝐼𝑅(𝑡)† (40)
This equation indicates the invariance of "Raman tensor" under the DS operation :  𝑋vAℛh(𝑡) = ℛh(𝑡) (41) ℛh(𝑡) =  𝑬./,h(𝑡)𝑬TUVf (𝑡). (42) 
 
 
 
4. Determination of dynamical symmetry in the Floquet systems 
In this section, DSs under linearly and circularly polarized light in monolayer TMDs are derived. 
To derive all selection rules, all symmetry operations must be considered. The DS operations of 
the MIR-driven Floquet system in solids are derived as the following procedure: 
1. Identify the symmetry of crystal only 
2. Identify the symmetry of MIR light only 
3. Identify the intersection of the DS groups of the crystal and MIR field  
 
4.1 Crystal symmetry of monolayer TMDs 
The symmetry operations of crystalline solids are well classified by the crystallographic point 
group. Monolayer MoS2 and MoSe2 belongs to 𝐷yæ point group. In our experimental condition, 
Table S1| Dynamical symmetry operation and eigenvectors 
Dynamical symmetry operation Eigenvector Eigenvalue
Spatial 
operation
σ"#
Spatial part
10 , 01 +1,−1)*+	 1−- , 1- ./01+ ,.2/01+
Temporal 
operation
3̂+
Temporal 
part (NIR)
./5678 9 .2/:;<678=<>78
?* cos CDEFG , sin CDEFG +1,−1
?* ⋅ 3̂0 cos CDEFG − CDEF K2CMEF ,sin CDEFG − CDEFK2CMEF +1,−1
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the symmetry in the 2D space parallel to the sample is enough to describe the selection rules. The 
point group to describe the symmetry in the 2D space are generated by two operations 𝑅vy and 𝜎}ç, where 𝑅vy is a rotation by 2π/3, 𝜎}ç is a mirror operation with respect to the Mo-S direction 
in the crystal. Since the symmetry of the crystal is time-independent, the DS groups of the 
monolayers are generated by 𝑅vy , 𝜎}ç , infinitesimal temporal translation, and time-reversal 
operation. 
 
4.2 Dynamical symmetry of MIR light  
We describe DS in the product space of time and the 2D space where the polarization is defined. 
In the following, we determine the DS of the MIR field by checking the invariance under all DS 
operations given in ref 4. 
  
Case 1| Circularly polarized MIR light 
We write the electric field of circularly polarized light as follows: 𝑬(𝑡) = k sin(𝜔𝑀𝐼𝑅𝑡)−𝜎𝑀cos(𝜔𝑀𝐼𝑅𝑡)p . (43) 
In this representation, DS group of the MIR light is generated by 𝐷\𝑦 = 𝑇\ ⋅ σ𝑦 (44) 𝐶\𝑛,σ𝑀 = 𝜏}−𝑛σ𝑀 ⋅ 𝑅\𝑛	(𝑛 → ∞), (45) 
where 𝑇v is time-reversal symmetry operation, 𝜎}o is mirror symmetry operation with respect to 
y axis, 𝑅v  is the spatial rotation by 2𝜋/𝑛 , ?̂?  is the temporal translation by 𝑇/𝑛  （𝑇 =2𝜋/𝜔UV） , and 𝜎 = ±1  represent left and right circular polarization of the MIR light 
respectively. 𝐶L,z{	(𝑛 → ∞) denotes a DS operation with the infinitesimal spatial rotation and 
infinitesimal temporal translation. 
 
Case 2| Linear polarized MIR light 
We write the electric field of x- polarized light as follows: 𝑬(𝑡) = k10p sin(𝜔𝑀𝐼𝑅𝑡). (46) 
In this representation, DS group of the MIR light is generated by the following operations σx (47) 𝐶\2 (48) 𝐷\y (49) 𝑍\𝑦 = 𝜏}2 ⋅ σ𝑦 (50) 𝐻\𝑥 = 𝑇\ ⋅ 𝜏}2 ⋅ σ𝑥 (51) 𝑄\ = 𝑇\ ⋅ 𝑅\2 (52) 
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Similarly, the DS group of the y- polarized light MIR light can be written by substituting 𝑥 and 𝑦. 
 
4.3 Dynamical symmetry of MIR driven Floquet state in monolayer TMDs 
The DS group of the MIR-driven Floquet state in monolayer TMDs are the intersection of the DS 
groups of the crystal and MIR field. By comparing the DS groups discussed in the section 4.1 and 
4.2, the generators of the DS group of the MIR-driven Floquet state are obtained as follows:  
Case 1| Circularly polarized MIR light 𝐶Ly,z{, 𝐷\ (53) 
Case 2| x- polarized MIR light 𝐷\, 𝑍Lo (54) 
Case 3| y- polarized MIR light σ, 𝐻\o (55) 
 
5. Dynamical symmetry on “Raman tensor” and selection rules 
We require the invariance of “Raman tensor” under DS operations to derive selection rules. In the 
following, we show two examples of the derivations of the selection rules. All symmetry 
constraints under the circularly and linearly polarized MIR field are summarized in Table S2. 
 
 
 
Table S2| DS operation and selection rule of HSG 
Dynamical symmetry 
operation Selection rule of HSG
!"# x or y- polarized NIR light↓
Elliptically polarized sideband light with major or minor axis parallel to the x-axis
$%&,() Circularly polarized NIR light with helicity σ+↓Circularly polarized (σ,(−σ+ ± 1)+ nN) –th (N : integer) order sideband light 
with helicity (±1) 
5%# x or y- polarized NIR light↓Odd order sideband light polarized perpendicularly to NIR light
Even order sideband light polarized in parallel with NIR lightσ6# x or y- polarized NIR light↓
Sideband light polarized in parallel with NIR light
7"# x or y- polarized NIR light↓
Elliptically polarized sideband light with major or minor axis parallel to the x-axis
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Case 1| Circularly polarized MIR light  
Invariance under 𝑫\𝐲 
We write the “Raman tensor” by using an electric field of the NIR and m-th order sideband light 
as follows: ℛh(𝑡) = 𝑬./,h(𝑡)𝑬TUVf (𝑡) = sin §(𝜔𝑁𝐼𝑅 +𝑚𝜔𝑀𝐼𝑅)𝑡 + 𝜙𝑆© sin@𝜔𝑁𝐼𝑅𝑡 + 𝜙𝑁Ck𝐸𝑆,𝑚,𝑥𝐸𝑁𝐼𝑅,𝑥∗ 𝐸𝑆,𝑚,𝑥𝐸𝑁𝐼𝑅,𝑦∗𝐸𝑆,𝑚,𝑦𝐸𝑁𝐼𝑅,𝑥∗ 𝐸𝑆,𝑚,𝑦𝐸𝑁𝐼𝑅,𝑦∗ p , (56) 	
where 𝐸./,h(𝑡) = sin@(ωTUV + 𝑚ωUV)𝑡 + ϕ.C @𝐸./,h,m, 𝐸./,h,oCÝ  and 𝐸TUV(𝑡) =
sin(ωTUV𝑡 + ϕT) @𝐸TUV,m, 𝐸TUV,oCÝ  denote the electric field of the sideband and NIR light 
respectively. Note that @𝐸TUV,m, 𝐸TUV,oCÝ  must be (1,0)Ý  or (0,1)Ý , and ϕT  must be 0 or π/2 under 𝐷\ because the electric field of the NIR and sideband light must be eigenvectors of 𝐷\ . ϕT  can be set to 0 without loss of generality. By requiring 𝐷\	ℛh = ℛh , the relation 
between the electric field of the NIR and sideband light can be obtained. 
 For example, under y-polarized NIR field (i.e., 𝐸TUV,m = 0), the electric field of the sideband 
light is constrained as 𝐸𝑆𝐺,𝑚,𝑥 = 0	and	𝜙𝑆 = 0 (57) 
or 𝐸𝑆𝐺,𝑚,𝑦 = 0	and	𝜙𝑆 = 𝜋/2. (58) 
The sideband can be a linear combination of allowed two cases: 𝑬𝑆𝐺,𝑚(𝑡) = k cos@(𝜔𝑁𝐼𝑅 +𝑚𝜔𝑀𝐼𝑅)𝑡C𝑏sin@(𝜔𝑁𝐼𝑅 +𝑚𝜔𝑀𝐼𝑅)𝑡Cp , (59) 
where 𝑏 is a real number. This demonstrates that the sideband light can be elliptical polarization 
with major or minor axis parallel to the x-axis. In the same way, constraints on the sideband light 
can also be determined under x-polarized NIR field. Thus, the selection rule for 𝐷\ in Table S2 
is obtained, which is similar to the result of the selection rules of HHG4. 
 
Invariance under 𝑪\𝒏,𝛔𝑴 
Here, we discuss the invariance of “Raman tensor” under 𝐶L,z{  (𝑛 : integer). We write the 
“Raman tensor” by using the electric field of the NIR and 𝑚-th order sideband light as follows: ℛ𝑚(𝑡) = 𝑬𝑺,𝒎(𝑡)𝑬𝑵𝑰𝑹† (𝑡) = exp(𝑖𝑚ω𝑀𝐼𝑅𝑡) ß 1 𝑖𝜎𝑁−𝑖𝜎𝑆𝑚 𝜎𝑆𝑚𝜎𝑁ã , (60) 
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where we take circular polarization bases: 𝐸.,h = exp(𝑖(ωTUV + 𝑚ωUV)𝑡) (1, −𝑖σ.h)Ý, 𝐸TUV =exp(𝑖ωTUV𝑡) (1, −𝑖σT)Ý. By requiring 𝐶L,z{ℛh = ℛh, we obtain (?̂?,Ü{ exp(𝑖𝑚𝜔UV𝑡)) (𝑅v ß 1  𝑖𝜎T−𝑖𝜎.h 𝜎T𝜎.hã) = exp(𝑖𝑚𝜔𝑀𝐼𝑅𝑡) ß 1  𝑖𝜎𝑁−𝑖𝜎𝑆𝑚 𝜎𝑁𝜎𝑆𝑚ã (61) expk𝑖 ß𝑚ωUV𝑡 − 𝑚2πσ𝑛 ãp exp ß𝑖(σ.h − σT) 2π𝑛 ã ß 1  𝑖σT−𝑖σ.h σTσ.hã = exp(𝑖𝑚ω𝑀𝐼𝑅𝑡) ß 1  𝑖𝜎𝑁−𝑖𝜎𝑆𝑚 𝜎𝑁𝜎𝑆𝑚ã , (62) 
where the operation of the rotation 𝑅v to the matrix part is represented by 𝑅v ß 1  𝑖𝜎T−𝑖𝜎.h 𝜎T𝜎.hã= ßcos(2π/𝑛) −sin(2π/𝑛)sin(2π/𝑛) cos(2π/𝑛) ã ß 1  𝑖𝜎T−𝑖𝜎.h 𝜎T𝜎.hã ß cos(2𝜋/𝑛) 𝑠in(2𝜋/𝑛)−sin(2𝜋/𝑛) cos(2𝜋/𝑛)ã. (63) 
Thus, symmetry constraint can be written by 𝑚σ𝑀 + σ𝑁 − σ𝑆𝑚 = 𝑛𝑁. (64) 
where 𝑁  is an integer. Note that 𝐷\  gives no restrictions for the sideband under circularly 
polarized NIR field. 
 We show an example of the circular polarization selection rules given in Table 1 in the main text. 
Since monolayer TMDs have threefold rotational symmetry, n is 3 in our experiment. When both 
the MIR and NIR light is left circular polarized (σ, σT = 1), σ.h must be equals to 𝑚 + 1 −3𝑁  according to the eq. (64 ). Thus, σ.Ò = −1  with 𝑁 = 1 , and σ.y = 1  with 𝑁 = 0  are 
allowed, but there is no solution for σ., which indicates the second order sideband is forbidden. 
The other cases of the circular polarization selection rules shown in Table 1 is also derived 
similarly. 
 
Case 2| x- polarized MIR light 
We have discussed the operation 𝐷\, thus, we only deal with the 𝑍Lo. 
Invariance under 𝒁\𝒚 
We write the “Raman tensor” by using the electric field of the NIR and 𝑚-th order sideband light 
as follows: ℛ𝑚(𝑡) = 𝑬𝑆,𝑚(𝑡)𝑬𝑁𝐼𝑅† (𝑡) = exp(𝑖𝑚ω𝑀𝐼𝑅𝑡)k𝐸𝑆,𝑚,𝑥𝐸𝑁𝐼𝑅,𝑥∗ 𝐸𝑆,𝑚,𝑥𝐸𝑁𝐼𝑅,𝑦∗𝐸𝑆,𝑚,𝑦𝐸𝑁𝐼𝑅,𝑥∗ 𝐸𝑆,𝑚,𝑦𝐸𝑁𝐼𝑅,𝑦∗ p , (65) 
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where @𝐸TUV,m, 𝐸TUV,oCÝ is (1,0)Ý or (0,1)Ý. By requiring 𝑍Loℛh = ℛh, we obtain  
(−1)𝑚 k𝐸𝑆,𝑚,𝑥𝐸𝑁𝐼𝑅,𝑥∗ 𝐸𝑆,𝑚,𝑥𝐸𝑁𝐼𝑅,𝑦∗𝐸𝑆,𝑚,𝑦𝐸𝑁𝐼𝑅,𝑥∗ 𝐸𝑆,𝑚,𝑦𝐸𝑁𝐼𝑅,𝑦∗ p = k 𝐸𝑆,𝑚,𝑥𝐸𝑁𝐼𝑅,𝑥∗ −𝐸𝑆,𝑚,𝑥𝐸𝑁𝐼𝑅,𝑦∗−𝐸𝑆,𝑚,𝑦𝐸𝑁𝐼𝑅,𝑥∗ 𝐸𝑆,𝑚,𝑦𝐸𝑁𝐼𝑅,𝑦∗ p , (66) 
Here, the term (−1)h is attributed to the half-period temporal translation in 𝑍Lo. The electric 
field of the sideband light is constrained as 𝐸S,m,y = 0	(𝑚: even)	and	𝐸S,m,𝑥 = 0	(𝑚: odd) (67) 
under y-polarized NIR field (i.e., 𝐸TUV,m = 0) and  𝐸S,m,𝑥 = 0	(𝑚: even)	and	𝐸S,m,𝑦 = 0	(𝑚: odd) (68) 
under x-polarized NIR field (i.e., 𝐸TUV,o = 0). As a result, the polarizations of the odd-order 
sidebands are perpendicular to the NIR field and even-order sidebands are parallel. Note that this 
selection rule is stricter than that derived from 𝐷\. 
 We also note that Langer et al. observed elliptically polarized sidebands in monolayer WSe2 with 
a circularly polarized NIR field. This experimental result is consistent with our theory because 
both 𝐷\o	and	𝑍Lo do not restrict the polarization of the sideband under NIR field. 
 
Case 3| y- polarized MIR light 
Invariance under 𝝈𝒚 
We write the “Raman tensor” by using the electric field of the NIR and 𝑚-th order sideband light 
as follows: ℛ𝑚(𝑡) = 𝑬𝑆,𝑚(𝑡)𝑬𝑁𝐼𝑅† (𝑡) = exp(𝑖𝑚ω𝑀𝐼𝑅𝑡)k𝐸𝑆,𝑚,𝑥𝐸𝑁𝐼𝑅,𝑥∗ 𝐸𝑆,𝑚,𝑥𝐸𝑁𝐼𝑅,𝑦∗𝐸𝑆,𝑚,𝑦𝐸𝑁𝐼𝑅,𝑥∗ 𝐸𝑆,𝑚,𝑦𝐸𝑁𝐼𝑅,𝑦∗ p , (69) 
where @𝐸TUV,m, 𝐸TUV,oCÝ is (1,0)Ý or (0,1)Ý. By requiring 𝜎}oℛh = ℛh, we obtain  𝐸S,m,y = 0 (70) 
under y-polarized NIR field (i.e., 𝐸TUV,m = 0) and  𝐸S,m,𝑥 = 0 (71) 
under x-polarized NIR field (i.e., 𝐸TUV,o = 0). This indicates that all sidebands have the same 
polarization as that of the NIR field. 
 
Invariance under 𝑯\𝒚 
We write the “Raman tensor” by using an electric field of the NIR and m-th order sideband light 
as follows: ℛh(𝑡) = 𝑬./,h(𝑡)𝑬TUVf (𝑡) 
 30 
= sin$(𝜔𝑁𝐼𝑅 +𝑚𝜔𝑀𝐼𝑅)𝑡 − (𝜔𝑁𝐼𝑅 +𝑚𝜔𝑀𝐼𝑅)π2(𝜔𝑁𝐼𝑅 +𝑚𝜔𝑀𝐼𝑅) + 𝜙𝑆% sin ßω𝑁𝐼𝑅𝑡 − ω𝑁𝐼𝑅π2ω𝑀𝐼𝑅 + 𝜙𝑁ã× k𝐸𝑆,𝑚,𝑥𝐸𝑁𝐼𝑅,𝑥∗ 𝐸𝑆,𝑚,𝑥𝐸𝑁𝐼𝑅,𝑦∗𝐸𝑆,𝑚,𝑦𝐸𝑁𝐼𝑅,𝑥∗ 𝐸𝑆,𝑚,𝑦𝐸𝑁𝐼𝑅,𝑦∗ p , (72) 
where @𝐸TUV,m, 𝐸TUV,oCÝ  is (1,0)Ý  or (0,1)Ý , and ϕT  must be 0 or π/2 under 𝐷\ because 
the electric field of the NIR and sideband light must be eigenvectors of 𝐷\. ϕT can be set to 0 
without loss of generality. Under y-polarized NIR field (i.e., 𝐸TUV,m = 0), by requiring 𝐷\	ℛh =ℛh, the electric field of the sideband light is constrained as 𝐸𝑆𝐺,𝑚,𝑥 = 0	and	𝜙𝑆 = 0 (73) 
or 𝐸𝑆𝐺,𝑚,𝑦 = 0	and	𝜙𝑆 = 𝜋/2. (74) 
The sideband can be a linear combination of allowed two cases: 
𝑬𝑆𝐺,𝑚(𝑡) = ⎝⎜
⎛ cos k(𝜔𝑁𝐼𝑅 +𝑚𝜔𝑀𝐼𝑅)𝑡 − (𝜔𝑁𝐼𝑅 +𝑚𝜔𝑀𝐼𝑅)π2(𝜔𝑁𝐼𝑅 +𝑚𝜔𝑀𝐼𝑅)p𝑏sin k(𝜔𝑁𝐼𝑅 +𝑚𝜔𝑀𝐼𝑅)𝑡 − (𝜔𝑁𝐼𝑅 +𝑚𝜔𝑀𝐼𝑅)π2(𝜔𝑁𝐼𝑅 +𝑚𝜔𝑀𝐼𝑅)p⎠⎟
⎞ , (75) 
where 𝑏 is a real number. This demonstrates that the sideband light can be elliptical polarization 
with major or minor axis parallel to the x-axis. In the same way, constraints on the sideband light 
under x-polarized NIR field can also be determined. Thus, the selection rule for 𝐻\ in Table S2 
is obtained, which is similar to the selection rules of HHG4. Note that the selection rule derived 
from 𝜎}o is stricter than that derived from 𝐻\.  
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Figure S4. Experimental Setup for HSG (BS : beam splitter, BPF : band pass 
filter : , GLP : Glan laser polarizer, LCR : liquid crystal retarder, OPA : optical 
parametric amplifier : DFG : difference frequency generation, LPF : long pass filter, 
WGP：wire grid polarizer, QWP : quarter wave plate, SPF : short pass) filter). 
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6. Estimation of pulse durations 
Here, we show how to estimate the pulse duration of the NIR and MIR pulses. We consider 
gaussian envelops for the MIR and NIR electric field.  𝐸𝑀𝐼𝑅(𝑡) = 𝐸𝑀(0) exp k− 𝑡22τ𝑀2 p (76) 𝐸𝑁𝐼𝑅(𝑡) = 𝐸𝑁(0) exp k− 𝑡22τ𝑁2 p (77) 
where 𝐸UV(𝑡) and 𝐸TUV(𝑡) are the envelops of the MIR and NIR electric field respectively. τ 
and τT are related to the full width at half maximum of MIR (FWHMM) and NIR (FWHMN) 
pulses as follows: FWHMM = 2τ𝑀1ln(2) (78) FWHMN = 2τ𝑁1ln(2) . (79) 
The pulse duration of NIR pulses after bandpass filter and liquid crystal retarder was measured as 
110 fs (full width at half maximum) by SPIDER (Spectral Phase Interferometry for Direct Electric-
field Reconstruction). We estimate the pulse duration of MIR pulses from time delay dependence 
of the first-order sideband intensity.  
  One of the conventional methods to examine an unknown pulse duration is cross-correlation 
method, where an unknown pulse duration is estimated from time delay dependence of the sum-
frequency generation (SFG) in a nonlinear optical media with another known pulse. According to 
the perturbation theory, the electric field generated by SFG of the NIR and MIR pulses at each 
time 𝑡′ is given by   𝐸𝑆𝐹𝐺@𝑡, 𝑡′C ∝ 𝐸𝑀𝐼𝑅@𝑡 − 𝑡′C𝐸𝑁𝐼𝑅@𝑡′C, (80) 
where the optical response of the media is assumed to be instantaneous. 𝑡 is the time delay of the 
NIR and MIR pulses. When the intensity of SFG is measured by a detector which has no time 
resolution, the integrated intensity 𝐼.I/(𝑡) is given by 𝐼𝑆𝐹𝐺(𝑡) ∝ 8𝑑𝑡′K𝐸𝑀𝐼𝑅@𝑡 − 𝑡′C𝐸𝑁𝐼𝑅@𝑡′CK2 ∝ 8𝑑𝑡′𝐼𝑀𝐼𝑅@𝑡 − 𝑡′C𝐼𝑁𝐼𝑅@𝑡′C . (81) 
The MIR pulse duration can be derived from this expression. However, the sideband generation is 
a nonperturbative phenomenon, Considering excitation power dependence does not follow the 
power law, we modify the analysis of the cross-correlation method. We approximate the 
instantaneous response of sideband generation and write the first order sideband intensity as  𝐼𝑆(𝑡) ∝ 8𝑑𝑡′𝑓 §𝐼𝑀𝐼𝑅@𝑡 − 𝑡′C© 𝐼𝑁𝐼𝑅@𝑡′C (82) 
with a nonlinear function 𝑓 . The function 𝑓  is determined by fitting the obtained the MIR 
excitation power dependence of the sideband intensity 𝐹@𝐼UV,]C, where 𝐼UV,] is the peak power 
of the MIR pulses written as 
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𝐼𝑀𝐼𝑅,0 = 12 𝑐ϵ0𝐸𝑀(0)2, (83) 𝑐 is the speed of light and ϵ] is the permittivity in a vacuum. We assume that the function 𝑓 can 
be approximately written as 𝑓(𝐼) = 1 − exp k− 𝐼𝑤1p , (84) 
which is convex and satisfies 𝑓(0) = 0.  
The function 𝑓 works so that the time duration of 𝑓@𝐼UV(𝑡)C becomes longer than 𝐼UV(𝑡). The 
excitation power dependence 𝐹@𝐼UV,]C is measured at time delay 0, therefore that is given by 𝐹@𝐼UV,]C = 𝐶8𝑑𝑡:𝑓@𝐼UV(−𝑡:)C𝐼TUV(𝑡:)	
= 𝐶′ 8𝑑𝑡′ k1 − expk− 𝐼𝑀𝐼𝑅,0𝑤1 expk− 𝑡′2τ𝑀2 ppp expk− 𝑡′2τ𝑁2 p , (85) 
where 𝐶, 𝐶′ is a constant. Furthermore, the time delay dependence 𝐺(𝑡) is give by 𝐺(𝑡) = 𝐶8𝑑𝑡: 𝑓@𝐼UV(𝑡 − 𝑡:)C𝐼TUV(𝑡:)	
= 𝐶′ 8𝑑𝑡′ 61 − exp6−𝐼𝑀𝐼𝑅,0,𝑚𝑎𝑥𝑤1 exp6−@𝑡 − 𝑡′C2τ𝑀2 777 expk− 𝑡′2τ𝑁2 p . (86) 𝐼UV,],h8m is the maximum MIR power of power dependence, which is used for the measurement 
of the time delay dependence. The parameters 𝐶:, τ,𝑤Ò are determined through the global fitting 
of the experimental results. 
  As a result, FWHMM is estimated to be 60 fs from τ. The fitting curves by eq. (85), (86) are 
shown as solid lines in Fig. S5. 
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Figure S5. Estimation of MIR pulse duration. a,b MIR power dependence (a) and 
time delay dependence (b) of the first order sideband intensity under σ+-polarized 
NIR and MIR pulses. The blue solid lines in a and b are the fitting result with 𝐹@𝐼UV,]C and 𝐺(𝑡), respectively.  
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